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We investigate the statistics of photons emitted by tunneling electrons in a single electronic level plasmonic
nanojunction. We compute the waiting-time distribution of successive emitted photons w(r). When the cavity
damping rate « is larger than the electronic tunneling rate I', we show that in the photon-antibunching regime,
w(7) indicates that the average delay time between two successive photon-emission events is given by 1/T". This
is in contrast with the usually considered second-order correlation function of emitted photons, g (z), which
displays the single timescale 1/«. Our analysis shows a relevant example for which w(t) gives independent
information on the photon-emission statistics with respect to g (1), leading to physical insight into the problem.
We discuss how this information can be extracted from experiments even in the presence of a nonperfect photon-

detection yield.
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The correlation functions of the electromagnetic field are
known to contain a rich amount of information about the
intrinsic quantum nature of the electromagnetic field, as
well as of the sources at the origin of photon emission [1].
The second-order correlation function (SCF) of the electro-
magnetic field g®(t), is of particular interest to investigate
the statistics of photons emitted by fluorescent atoms or
molecules [2—4]. It was shown that for a single-photon source,
g» () vanishes at short times, a phenomenon known as pho-
ton antibunching [2]. In the case that the emitter is a single
atom or a molecule, photon antibunching is interpreted as
arising from the wave-packet projection assumption of quan-
tum mechanics [3,4]: After the first single photon is emitted,
the atom is projected back to its ground state. The emission
of the next single photon will then necessitate a finite delay
time during which the atom will be excited again, a necessary
condition for another spontaneous emission event to occur.

Photon antibunching, which was revealed by measure-
ments of g?(t) for fluorescent single molecules deposited
on surfaces [5-7], is now a cornerstone of molecular spec-
troscopy. More recently, the progress in nanotechnologies
extended the use of this experimental tool to design a wealth
of different single-photon sources made of electrically driven
scanning tunneling microscopes (STMs) [8—13], quantum
dots [14—17], nitrogen vacancy centers [16], single molecules
deposited in molecular crystals [17], and plasmonic nanocav-
ities [18,19]. The crossover to antibunching in the presence
of dissipation has also been investigated theoretically for
waveguide quantum electrodynamics systems coupled to sin-
gle atoms [20,21]. While most of these works deal with
the paradigmatic two-level system model to describe photon
antibunching, recent experiments with STM on Cgy molec-
ular films invoke a Coulomb-blockade mechanism resulting
from tip-induced split-off single-level states [11]. The actual
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mechanism at the origin of light emission in current-driven
STM nanojunctions is however still not well understood and
might be more complex. In such systems indeed, current
injection is believed to excite the molecule to an electronic
excited state that further decays back to the ground state
by emitting a photon. Several mechanisms were proposed
for describing this molecular excitation, including elastic
tunneling of an electron and a hole from the metallic elec-
trodes to the molecule [22], inelastic tunneling of an electron
across the junction at the origin of emission of a localized
plasmon that is further absorbed by the molecule [22,23],
and a more complex energy-transfer mechanism in which the
absorption and emission processes of the localized plasmon
by the molecule interfere with each other [24]. Recently, we
theoretically predicted that upon proper tuning of the exter-
nal gate and electrode potentials, a single electronic level
was sufficient to generate electrically driven single-photon
emission [25]. In the same publication we found that g2(1)
relaxes exponentially towards unity on a timescale given by
the photon damping time of the cavity 1/« [25] and not
with the electronic tunneling time 1/I". This is surprising,
since electronic tunneling is the main physical mechanism at
the origin of photon emission in the plasmonic nanocavity.
To our knowledge, in the emerging field of nanoplasmonics
there is still no complete understanding of which timescale is
actually controlling photon antibunching. This question is of
great experimental relevance to unravel the nature of the light-
emission mechanism in current-driven single-photon sources.

In this Letter, we investigate theoretically the statistics of
photon emission [26-28] in a single-level plasmonic nano-
junction, going beyond g)(r). In particular, we show that
the delay-time or waiting-time distribution (WTD) w(t)
between successive photon-emission events [29,30], pro-
vides important complementary statistical information to

©2021 American Physical Society
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FIG. 1. Representation of a current-driven STM plasmonic nano-
junction. The molecule is shown as a single electronic level of energy
0. In the presence of a bias voltage V, electrons from the STM apex
(L) or from the substrate (R) can tunnel to the electronic level, emit-
ting a cavity plasmon of frequency w,. The former decays with rate «,
and a photon is emitted (red wavy arrow) that is finally collected by
a detector (in black) with detection yield 7. Inset: Scheme of the rate
equation for the occupation probabilities P, ) (¢) of the dot charge
and cavity plasmonic states (g, n). The dominant transition rates
for the parameters of Fig. 2 are shown. Thick red (thin blue) lines
correspond to the dominant cavity-damping (subdominant inelastic
single-electron tunneling) processes.

characterize the photon-emission statistics. The necessity to
carefully discriminate between w(z) and g®)(r) is known in
molecular fluorescence spectroscopy [2,5,31]. Indeed, stan-
dard “start-stop” photon correlators actually measure directly
the WTD and not g®(r) [2]. The difference between both
quantities is nevertheless small for measurement times smaller
than the average delay time between photon-emission events
and for weak photon-detection yields [2,31]. The relevance
of studying both w(zr) an g (r) was recently noticed and
successfully applied to the investigation of the full count-
ing statistics of electronic currents in molecular junctions
[32-37], or of the statistics of photon emission in microwave
cavities [38]. However, such is not the case for current-
induced single-photon sources, for which most studies do
not discriminate clearly between these two quantities. We
show how the joint calculation of g®(7) and w(t) enables
us to unveil the timescales involved in the photon-emission
process, thus paving the way for using these complemen-
tary observables in order to investigate both theoretically and
experimentally the various existing mechanisms predicting
current-driven photon antibunching.

Stochastic model of photon emission. We consider
the model of Ref. [25] describing a single electronic-
level molecule embedded inside a STM nanojunction, and
coupled to a cavity-plasmon mode (see Fig. 1). The state
of the plasmon-molecule subsystem is described by two in-
dices i = (g, n) corresponding respectively to the charged
(uncharged) dot-level ¢ = 0(1), and occupancy state n € N
of the localized plasmon mode (see the inset of Fig. 1). We
consider the regime of sequential electronic tunneling and
moderate cavity damping I' <« « < kgT /h [25], with T the
temperature of the leads, / the reduced Planck constant, and
kg the Boltzmann constant. In this regime, the dynamics of

the probability P;(¢) of occupying the state i is given by a
rate equation P,(t) = Zj L Pi(t) — Zj [;;P(t), with T';; the
incoherent rate for the transition j — i. We consider two types
of rates. The first one involves transitions which change the
charge state of the dot (g, n) — (§ = 1 — g, m) and modify
by m — n the occupancy of the cavity-plasmon mode. We
associate to these transitions the corresponding inelastic tun-
neling rate of single electrons across the junction, I'g,u)g,n) =
>, Tafy(Amna)l(nlm)|?, with To—y the tunneling rate of
electrons from the STM apex (L) lead to the dot, and [',—g
the tunneling rate from the substrate (R) lead to the dot. The
factor |(n|m)|? is the Franck-Condon overlap [39] between the
state |n) of the cavity with the empty dot and the displaced
state |7i7) of the cavity with the occupied dot. We introduced
the functions f,—o(E) = f(E) and f,—(E) = 1 — f(E), with
f(E) = {e£/%T 41}~ the Fermi-Dirac distribution of the
electrons populating the leads. This function is evaluated at
the transition energy Ay,o = & + (m — n)hw, — Lo, With
& = €9 — M hw, the molecular dot-level energy renormalized
by its coupling A to the cavity mode expressed in units of
ho, [25], o, the cavity-plasmon frequency, and p, the chem-
ical potential of lead «. The second type of rates involves
transitions which do not change the charge state of the dot
(g,n) — (q,n — 1) and decrease by one the number of cav-
ity plasmons. Those incoherent transitions are associated to
the cavity-photon losses I'(; »—1)q,n) = k7, with « the cavity
damping rate at the origin of photon emission by the nano-
junction.

Monte Carlo approach. We solve numerically the previous
rate equation, using a kinetic Monte Carlo (MC) approach
[40,41]. We assign a probability, or detection yield, n for
each photon that has been emitted by the nanojunction to be
finally collected and detected by an external photon detector,
a perfect detection yield meaning n = 1. We suppose in the
MC calculation that the photon-detection event by the photon
detector is independent from the photon-emission event by
the junction [42]. The output of the MC enables us to record
the history of random times at which a photon is emitted and
detected. From those time traces we extract S(t) = P(t|0) the
conditional probability distribution that a photon is emitted
and detected at time t, knowing that a photon has been emitted
and detected at time 0. Similarly, we obtain Q(7]0), the prob-
ability distribution of the first-time photon-detection event. It
is defined as the exclusive conditional probability distribution
of a photon-emission and photon-detection event at time t,
knowing that the previous photon-detection event occurred at
time O, with the constraint that no other photon was emitted
in the time interval 10, t[. The probability distributions P and
Q are different, since the first one collects all possible photon-
emission and photon-detection events in the intermediate time
interval ]0, t[, while the second one excludes them all. The
SCF and WTD of emitted and detected photons are obtained
from those fundamental distributions as [42]

S(t)
§P(r) = e (1
w(t) = O(z0), 2)

1.241403-2



PHOTON-EMISSION STATISTICS INDUCED BY ...

PHYSICAL REVIEW B 104, L.241403 (2021)

with TSV = 5 (n) the rate or stationary probability per unit
of time to emit and detect a photon, and (n) the average
occupation of the cavity-plasmon mode.

Expressions for the SCF and WTD. In the following,
we write P,z,,f’(r) the occupation probability of the plasmon-
molecule state (¢'m) at time 7 that is a solution of the rate
equation with the state (gn) initially occupied. Similarly, we
note an(‘t) the exclusive probability of first reaching the
state (¢'m), leading to a first-photon-emission and photon-
detection event at time t, knowing that the state (gn) was
occupied at time T = 0. From Egs. (1) and (2), we derive the
following expressions for the SCF and WTD [see Supplemen-
tal Material (SM) [42] for further details],

S@ =1 n Z > mnPIL (0P, 3)

n,m= qu—Ol

o Z > mnQl (PG ()

n,m=1 q,q'=0,1

w(t) =

with P((;;)) = lim;_, ;o Pn)(7) the stationary occupancy of
the state (gn). The Q distribution is then solution of a renewal-
like integral equation [3]

P (r) = QI (r)+x2k2 (PY_ % Q) (), (5)

k=1 r=0,1

where we wrote (g* h)(t) = for dt1g(t — 71)h(7;) the con-
volution between any two causal functions g and 4. In general,
Eq. (5) has to be solved numerically, after Laplace transform-
ing.

Results for the SCF. In the rest of this Letter, we consider
the case of an electron-hole symmetric junction for which
go = 0, FL = FR = F, and Uy = —UR = eV/2, with V the
bias voltage between the source and drain and e the ele-
mentary charge. In this regime, the inelastic tunneling rates
are independent of the charge state, namely I' (g im)g.n) = Tin
for all g =0, 1. The general case of asymmetric junctions
regarding the SCF is considered in detail in Ref. [25].

In Fig. 2, we show g (1) as a function of time 7, obtained
from the MC simulations (averaged over 40 runs). The voltage
bias is fixed at the first inelastic threshold for photon emis-
sion (eV = 2hw,.) and the photon detection is perfect (n = 1).
Upon increasing the plasmon-molecule coupling strength A,
we find a crossover in the SCF from photon bunching to
photon antibunching. This result agrees with the results found
in Ref. [25], derived with another method. In this range of pa-
rameters, the rate equation for Py, (¢) is well approximated by
truncating the available cavity occupancies to n < 2 [25]. The
dominant transition rates are provided by the cavity-damping
rate « (red downward arrows in the inset of Fig. 1) and two
single-electron inelastic tunneling rates '}, 'y < « (blue
upward arrows). This truncated rate equation can be solved
analytically exactly [42], to provide in the regime x > T,

g2~ 1+ (g?0) - 1), (©6)
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FIG. 2. Second-order correlation function g (t) for the emitted
photons as a function of time 7, obtained numerically from the Monte
Carlo simulations (averaged over 40 runs). Blue lower triangles
are obtained for a plasmon-molecule coupling strength A = 0.25,
cyan upper triangles for A = v/2 — +/2 ~ 0.77, and red dots for A =
V2 ~ 1.41. Plain curves are the analytical results from Eq. (6). The
parametersare n = 1,k = kgT /h = 0.1w., I =g =T = 0.0lw,,
MU = —UR = EV/Z = Fta)(,, g‘() =0.

The analytical results of Eq. (6) are shown as plain curves in
Fig. 2, and perfectly agree with the numerically exact MC. We
thus confirm quantitatively the results of Ref. [25] that g®)(z)
relaxes exponentially in time towards unity, with a rate given
by the cavity-damping rate «. The convergence of g?(z) to
1, is due to the fact that two distinct photon-emission events
separated by a time interval T > 1/k become independent.
The zero-delay behavior g(z)(O) between two emission events
is given by Eq. (7). For weak plasmon-molecule coupling
A = 0.25 < 1 (blue lower triangles), the stationary probability
of having n = 2 occupancy of the cavity-plasmon mode is
significant. This results in an effective (out-of-equilibrium)
thermal state characterized by photon bunching [¢® (1) <
g (0) = 2]. For a critical value of A = V2 (red points), the
rate 'y vanishes due to the vanishing of the Franck-Condon
matrix element. This results in a vanishing probability to
reach the n = 2 occupancy, with only two possible occupa-
tions of the plasmon mode n = 0, 1. This leads to g® () >
g (0) = 0 and thus to photon antibunching, a fingerprint of
single-photon emission. Finally the crossover region that is
characterized by g®(t) = g»(0) = 1 (Poissonian behavior),
is reached for A = v/2 — /2 (cyan upper triangles).

Results for the WI'D. We now consider the time evolution of
w(7). The average delay time between two successive photon-
emission and photon-detection events (1) = f0+°° drtw(r)
can be derived analytically from Egs. (4) and (5), using a
similar approach to the one used in computing polymer mean
reaction times [43-46]. We obtain the general relation (see
SM [42] for details)

1 1

= Y nie(n)’

®)

which relates the average cavity-photon occupation (n) to the
ratio between the dissipation time 1/x and the average delay
time (7). This relation is reminiscent of Kac’s lemma [47,48].
It is expected to hold in any ergodic system, but as far as we
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FIG. 3. Time dependence of the distribution of delay times
w(7) between two successive photon-emission and photon-detection
events, obtained from the MC numerical calculation (yellow his-
togram), expressed in units of I'jy. The blue plain (dashed red) curve
is the outcome of the analytical formula in Eq. (10), for n = 0.75(1).
Parameters are those of Fig. 2 with A = /2, for which photon anti-
bunching occurs.

know, Eq. (8) was not clearly identified before in the field of
plasmonics.

From now on, we focus on the case A = «/Z for which
maximal antibunching occurs. We show in Fig. 3, the WTD
computed numerically with the MC (yellow histogram), in the
case of a nonperfect detection yield n = 0.75. We obtain that
w(t) is a nonmonotonous function of time, with a maximum
at times T &~ 1/«. In the same region of parameters for which
Eq. (6) was derived, we obtain [42]

Sey = B0 pary, )

I(F]o _ kgt
w(t) = Uhaal} {e P
Ka

with kg = v/k? — 4nk o, and &k, = k + T'yo.

Equation (10) is one of the main results of this Letter.
Its outcome is plotted as a plain (dashed) line in Fig. 3 for
n = 0.75(1), and matches very well the MC histogram. At
short delay times (t < 1/k), the antibunching mechanism
implies that the probability of emitting two successive photons
in a short delay time t is strongly reduced. The corresponding
linear vanishing of w(t) & n«I'jot has a slope proportional to
I'1. This is due to the fact that after the first emission event,
inelastic tunneling of a single electron across the nanojunction
is necessary to emit another cavity plasmon, that will later
decay through a photon-emission event with rate «. The slope
also decreases with 7, since it becomes less probable to de-
tect the emitted photon upon worst detection yield. At large
delay times (r > 1/k), the WTD vanishes exponentially as
w(t) & nlpe "7, This reflects the fact that a long time ©
after the first emission event, it becomes very unlikely that
another photon has not been emitted. At intermediate times
(t = 1/k), the maximum WTD is reached at a time 1, such

that
1 K + Ky 1 K
tm=—1n< )’w—ln .
Ky Ky — Kg K nlo

(kt+Kg)T
— 5=

1, (10)

(11

FIG. 4. Average delay time (t) in units of '} as a function of
plasmon-molecule coupling A, obtained from the MC numerical cal-
culation. Upper orange (lower cyan) triangles correspond to the case
of a perfect (nonperfect) detection yield n = 1(0.75). Red stars (blue
dots) are the corresponding values of 1/T'" = 1/n« (n) appearing in
Eq. (8). Dashed curves are the values of (r) given by approximate
Eq. (12).

The average delay time (t) results from Eq. (10),

(r)—l{i—l—l}
T «)

and recovers the result of Eq. (8), in the particular case A =
V2. The average delay time (t) ~ 1/5Tq is thus proportional
to the inelastic tunneling time of single electrons across the
junction 1/T"j9, corresponding to the necessary waiting time
needed for two successive current-driven photon-emission
events to occur. As expected, the lower the detection yield,
the longer is (7).

We show in Fig. 4 the robustness of Eq. (8) away from
the specific case A = +/2, for n = 0.75 and 1. The quantity
(t) (lower cyan triangles) obtained from the MC, and 1/T"{"
(blue dots) derived from solving for the stationary state in
the rate equation, are shown to coincide as a function of A,
for n = 0.75. The same good agreement is found for n = 1.
Surprisingly, in the range of moderate to strong plasmon-
molecule coupling strengths (A € [0.1, 2.0]), Eq. (12) is still a
good approximation to the exact value of (t) (see blue dashed
curve in Fig. 4), despite a strong modulation of the rate I'jg
with A.

Furthermore, we note that an integral equation exists relat-
ing S(7) and w(r) [42],

S(r) = w(r) + (S *w)(7), (13)

that is consistent with Egs. (9) and (10). Equation (13) was
derived previously in Refs. [2,6] for describing the stochas-
tic Markovian dynamics of fluorescent two-level atoms or
molecules. In our case, however, this relation is valid only at
the electron-hole symmetric point for eV = 2w, and A = +/2,
for which only two cavity states n = 0, 1 matter. In general,
for arbitrary values of external parameters, the validity of this
relation is no longer granted, and one resorts to either MC
simulations, or with solving numerically the linear system of
Egs. (5) to obtain the Q distribution and the WTD in Eq. (4).
Finally, we remark that Egs. (6) and (12) resolve the timescale
issue noticed in the Introduction. In the regime I' < «, there

12)
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is no contradiction having g®(t) relaxing exponentially with
the cavity-damping time 1/k, while the average delay time
(t) is given by the inverse inelastic tunneling time 1/T"jy of
single electrons across the nanojunction. This difference of
timescales is due to the fact that the SCF and WTD do not
provide the same information about the statistics of photon
emission and detection, and should thus be seen as comple-
mentary statistical indicators.

Conclusions. We have investigated in depth the time de-
pendence of the second-order correlation function g (t)
and waiting-time distribution w(t) of photons emitted by a
current-induced plasmonic nanojunction with a single elec-
tronic level. By using MC and analytical calculations, we
have shown that the two quantities provide complementary
information about the statistics of emitted photons by the
nanojunction. In the regime of photon antibunching, and when
k> T, g (1) relaxes in time towards unity with the cavity
damping time 1/k, while the average delay time (t) between
successive photon-emission and photon-detection events is
proportional to the inelastic tunneling time of single elec-
trons across the nanojunction 1/I";9. We hope that our Letter
will stimulate further experiments in current-driven STM

plasmonic nanojunctions, for which, to the best of our knowl-
edge, a comparative measurement of the WTD with respect to
the SCF of the emitted photons is still lacking, but seems to be
crucial to understand better the timescales and physical mech-
anism involved in the current-induced light-emission process.
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We provide additional information about the analytical calculations performed in the paper, giving
the second-order correlation functions of emitted photons 9(2)(7’), and the delay-time distribution
between two photon emission events w(7). We derive the general expression for the average delay-
time (7) between two photon-emission events from the rate equation.
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I. CONSIDERATIONS ABOUT THE RATE
EQUATION

A. Rate equation for the symmetric junction

We describe the dynamics of states (¢,n), with ¢ =
0(1) the charge-state of the empty(filled) dot and n € N
the number of photons inside the STM plasmonic cavity.
The time-dependent probability of occupying those states
Piq,n)(t) is solution of the rate-equation (RE)

“+o0
Py () = > {130 Py (8) = T2, Py oy (1)}
m=0

+ (n + 1)I£¢P(q’n+1)(t) + ’I’LHTP(q’n,l)(t)

— [(TL + 1)I€T + nm] P(q,n) (t) , (1)
with given initial conditions P, ,)(0). Eq. is simpli-
fied in the case of an electron-hole symmetric junction,
for which &y = €9 — M2hw, = 0, I';, = ' =T, and
pur, = —ptp = €V/2. Indeed in this regime, the tunneling
rates are independent of the charge-states of the dot

Lyn = D|{m|7)|? Z f [(m —n) hwe — a% . (3)
a=%

Moreover, the fact that T < hw./kp, implies that
k4 =~ 0 and kK, =~ k. Using the former simplification
and Eq. , the occupation probability of the cavity-
mode 7, (t) = >, _o 1 Pgn)(t) Which is obtained after
integrating-out the dot-charge states, is shown to be so-
lution of a simplified RE

+oo
7 (t) & Z {TrmTm (t) — Topnmn(t)}
m=0

+ k(n 4+ D)mpg1(t) — knm, (), (4)

with initial conditions 7, (0).

B. Decomposition of the RE into eigenmodes

We define 7(t) the vector of which components are

given by [ﬂ(tﬁ = m,(t). We note I' the rate-matrix

n



such that Eq. can be written in vectorial form 7 (t) =
I'z(t), with initial condition 7(0). The solution of the
RE is then given by 7(t) = e''r(0). We can expand this
solution into eigenmodes of the RE. For this purpose, we
define the right and left eigenvectors v, and w, associ-
ated to the A\ (real and negative) eigenvalue of the I'-
matrix, such that T'vy = Av, and w4 = Aw}. The null
eigenvalue A\ = 0 is a trivial eigenvalue of the I'-matrix.
The corresponding null right eigenvector v, = 7% pro-
vides the vector of stationary cavity-mode populations
7Y = limy_, o 7(t), solution of Tz®Y = 0. The null
left eigenvector is the vector w with components [w], =1
associated to the condition of normalisation of the proba-
bility distribution, namely that w’ - m(t) = 327 7, (t) =
1 at all times t. We get the solution of the RE as a lin-
ear superposition of eigenmodes with coefficients given
by the initial condition

m(t) =Y [wh - x(0)] vye . (5)

A

A specific choice of initial condition 7,(0) = & en-
ables to derive from Eq. the conditional probability
P(nt/m0) that the state n of the cavity-mode is realized
at time ¢, knowing that the cavity was in state m at initial
time t =0

P(nt|m0) = ’ngLSt) + gnrn(t) 9 (6)
gn’m(t) = Z [y)\]n [M)\]m eAt ’ (7)
AF#£0

with [G(t)],,,, = Gnm(t) the pseudo Green-function of
the RE. Eq. (6] is the starting point of the analytical
derivation for the average-delay time between two pho-
ton emission events (see Sec. . We further define
the Laplace-transform of any causal function g(t) writ-

ten g(z) = 0+OO dtf(t)e=?', and obtain
(st)

P(nzlm0) = ”’; + G (2), (8)
5 [Q,\] [M,\]

gnm(z) _ ZAIn AIm (9)
)\%:0 z4+ A

II. SECOND-ORDER CORRELATION
FUNCTION OF THE EMITTED PHOTONS

A. DMonte Carlo approach
1. MC algorithm

We implement in Python a kinetic Monte Carlo
approach™™ to solve numerically for the RE of Eq. (1))
A simplified sketch of the MC algorithm is provided in
Fig[l] We first discretize the time in N; equal time steps
of size dt: typically, in our simulations, dt ~ 0.02/k. The
algorithm starts with the list {(¢n), 0} containing an ar-
bitrary initial state of the system (gn) at initial time 0.

l {(qn), i}

Random transition

Photon detected ?

V@)t

Figure 1. Graphical representation of the kinetic Monte
Carlo algorithm, solving numerically the RE of Eq. . The
notation {(gn), 7} stands for the list of system states (gn) and
times ¢ (in units of dt) in the MC loop.

{(gn),i}

" L (gm)(qn)
Y
{(gn —1),i} {(gn),i} {(gm), i}
1—(nk+
-
0 i |

Figure 2. Upper part: Details of the possible random tran-
sitions starting from the initial (¢gn) state in the box Random
transition of Figl[l] Lower part: The random selection of the
final state (¢'n’) is made by separating the interval [0, 1] into
boxes of lengths proportional to the rate of each transitions
starting from (¢gn). A random number £ € [0,1] is generated
that will fall in one box corresponding to the selected state:
here (¢'n’) = (qgm).

We then choose randomly (with the procedure ex-



plained in the following) a state (¢'n’) that is connected
to the state (¢gn) by the RE (see the box labelled Ran-
dom transition in Fig. Fig (upper part) shows the
possible transitions that might happen. The transition
(g,n) = (g¢,n — 1) corresponds to a random event for
which ”the charge state of the dot is unchanged” and "a
photon leaves the cavity” with rate nk. The transition
(¢;n) — (g,m) correspond to another random event for
which photons are emitted inside the cavity by any inelas-
tic electronic tunneling event, with a rate I'(gm)(gn). All
the other possible transitions are taken into account, as
well as the particular event corresponding to leaving the
state of the system unchanged (¢,n) — (¢,n). In Fig
(lower part), we separate the interval [0, 1] into boxes of
lengths proportional to each of the transitions that might
be chosen, for instance one box with length oc nkdt for
the transition (¢, n) — (¢,n—1), another box of length
T'(gm)(qn)dt for the transition (¢,n) — (g, m). The event
corresponding to stay on the same state (¢,n) — (q,n),
has a box of length o 1— (mﬁ + Tgm)(gn) + - ) dt. We fi-
nally generate a random number & € [0, 1] that will fall in
one box of the interval corresponding to the state reached
by the system. For instance, the final state (¢'n’) = (qgm)
is reached in Fig[2] (lower part). In our MC simulations,
we discard the first 105 time-steps in order to reach the
steady-state before recording the time-trace used for the
subsequent statistical analysis.

2. Photon detection

Once a transition to the state (¢'n’) has occurred, the
algorithm selects further if ”yes” or "no” this transition
is associated to the emission of a photon out of the cavity
(see the box labelled Photon detected ? in Figll]). Note
that, similarly to a photocounting experiment, we con-
sider that only photons emitted through the transitions
(g,n) = (¢,n—1) are recorded in the histories of photon-
emission events, namely we record only events at which
”the charge state of the dot is unchanged” and ”a photon
leaves the cavity” with rate x (the emitted photon needs
to leave the cavity before being detected). The photons
emitted inside the cavity by any inelastic electronic tun-
neling event (¢,n) — (g,m) (with rate T',,,) are thus
not recorded. In this section, each time we write that a
photon is ”emitted”, we mean that a photon is ”emitted
out of the cavity”. We then repeat the MC loop of Fig[l]
many times (N; times), so that we reach times scales
sufficiently long for improving the precision of the MC
calculation and decrease the error bars. At the output of
this calculation, we obtain the history of random times
at which a single-photon was emitted out of the cavity.

3. SCF calculation

We define the following correlation functions of the
emitted photon field

2.0 1+e®
. +e
i
i
15 ] N
.
i
C e
g 1.0
A=V2-V2 =077
A=V2=141
0.5
0.0
0 1 2 3 4
T [1/K]
Figure 3.  Second-order correlation function g(2)(7) com-

puted from the MC calculation. A number of 40 different
MC runs are shown as dots to illustrate the uncertainty bar
of the method. Plain curves are the averages g(2>(7-) taken
over those 40 MC runs. The error bars represent three stan-
dard deviations. Parameters are the same as in Fig.2 of the

paper.

1. G1(t1)dt; = the probability to "emit a photon” in
the time interval [t1,¢; + dt1],

2. Go(ty,t2)dt1dts = the joint probability to "emit a
first photon” in the time interval [¢1, t1 +dt;] and to

”emit a second photon” in the time interval [to, to+
dts].

The normalized second-order correlation function (SCF)
of the emitted photons is defined by

Gao(ty,t2)
@ (4, t,) = 2\ "2) 10
g ( 1, 2) Gl(tl)Gl(tQ) ( )
In the stationary regime, we get that Gi(t;) = G,
Ga(t1,t2) = G3H(1 =ty — t1) and g (t1,t2) = g (r =
to — t1). The stationary SCF is obtained as
G5 (1)
(2) () — 2
9 (r) = , 11
") = ()

Both quantities G5' and G§'(7) are extracted from the
Monte Carlo time-traces in the following way: i) G5 is
obtained by the ratio between the total number of photon
detection events and the number N; of time steps, ii)
G5! (7) is computed as the ratio between the number of
pairs of photon emission events delayed by the (discrete)
time interval 7 and N;. Numerically, this is efficiently
computed by dividing the whole time-trace into smaller
sequences, for which the time differences in each sequence
(as well as between pairs of sequences) are sequentially
added to a sparse data array that records the number of
occurrences for each possible time delay.

We present in Fig3] the output of the SCF calculation
for g (7) for 40 different MC runs (dot points), from



mkK nK

P(m, t2]n — 1,t1)

Time
< H
to 4 dta 1o

1 |
m
t1 +dt1 ty

Figure 4. Graphical representation of Eq. giving the un-
normalized second-order correlation function for the emitted
photons G(Q)(th t2) as a function of time. The photons emit-
ted at time t; and ¢y are presented as red arrows, while the
blue arrow stands for the time-evolution provided by Eq. @
in between those two detection events.

which error bars of three standard deviations (99.7% of
the values from a normal distribution) are constructed.
This enable to get the typical error bars of the MC cal-
culation. The average curves over the 40 MC runs (full
lines) are the one used for Fig.2 of the paper.

B. Explicit expression of the SCF from the RE

In this section, for notational simplicity, we will restrict
to the electron-hole symmetric molecular junction, the
RE which is given by Eq. (4). The first-order correlation
function G1(t1) is formally given by

+oo
Gi(t) =Y nema(tr). (12)
n=0

Once the stationary state is reached, Eq. becomes
G =rk(n) =T (13)

with FgSt) the rate or stationary probability per unit of
time to emit a photon, and (n) = Z::E) nmst the average
number of photons inside cavity. The unnormalized SCF
G2 (t1,t2) is obtained as (see Fig. [4))

+o0
Ga(t1,t2) = Z mrP (m,ta|n — 1,t1) nkm, (1) ,
n,m=0
(14)
from which we obtain, in the stationary state
+o00
G (1) = K? Z nmP (m,7ln —1,0)7%,  (15)
n,m=0
+oo

1
g (r) = e Z nmP (m,7|n —1,0) 7. (16)
n,m=0
Eq. is the main result of this section. It connects
g®) () to the conditional probability P (m,7|n —1,0)

obtained in Eq. (@ from the solution of the RE. Note
that that the state n — 1 is reached and not the state n
in P(m,7|n —1,0). This is due to the fact that for a
single photon to be emitted out of the cavity, a cavity-
photon has to be destroyed before. Formally, Eq. is
equivalent to the output of the numerical Monte Carlo
calculation.

C. Relation of the SCF to Glauber formula

In this section, we rewrite the correlation functions in

Eq. and Eq. in terms of quantum operators.
We suppose that the stationary reduced density-matrix

p°t for the cavity-mode is diagonal in the basis of the n

states, namely that p* = 3720 75 |n) (n|. Substituting

the photon number n by the quantum operator for the
photon number 7 = a’a in Eq. , with a the destruc-
tion operator of the cavity-photon mode, we obtain

Gy =k Tr {alap™} . (17)

In the same way, using the basic postulates of quan-
tum mechanics, we substitute in Eq. the conditional
probability P (m,7|n —1,0) by its expression in terms
of the cavity-mode wave functions P (m,7|n —1,0) =
|(m|e= 7/ |p, — 1) |2, with H the full Hamiltonian of the
STM nanoplasmonic junction. We obtain

“+oo
G3H(1) = K2 Z n(n — 1\eiHT/haTae*iHT/h In — 1) 7S
n=0

400 R N
= K? Z <n|aTeiHT/haTaefiHT/ha |n) st
n=0

— 1‘12 Tr {a"i'eif]‘r/ﬁa'f‘aefif{‘r/ﬁapst} , (18)

where we used the relations a|n) = +/n—1|n) and
0 Im) (m| = I, with I the identity matrix. From
Eq. and follows the expression

Tr {aTeiﬁT/ﬁaTae—ifiT/ﬁapst}
Tr {atap*t}’

Eq. recovers the result of Glauber® and the
expression used in Ref. E, for which ¢®(r) =

<aT (0)at (T)a(T)a(0)> / <aTa>2.

g@(r) = (19)

III. WAITING-TIME DISTRIBUTION OF THE
EMITTED PHOTONS

A. Definition and computation of the WTD

In this section, we consider another indicator for the
statistics of emitted light out of the cavity, which is
the delay-time distribution or waiting-time distribution
(WTD) w(7) between two successive emitted photons.



For computing the WTD, we first need to introduce the
following distribution functions

1. P(t2]t1) = conditional probability distribution to
emit a photon at time t5, knowing that a photon
has been previously emitted at time #;.

2. Q(tz|t1) = exclusive conditional probability distri-
bution to emit a photon at time ¢y, knowing that a
photon has been previously emitted at time ¢, with
the constraint that no photon has been emitted in
the time-interval |t1, to].

Both P and @ are computed from the output of the
Monte Carlo calculation. We remark that in general
P # Q. Indeed, @ involves to the statistics of ”exclusive”
histories in which no photon-emission event is observed in
between two successive photon-emission events, while P
includes the statistics of the ”complete” history of events
(?0-photon” emission, plus ”1-photon” emission event,
plus 72-photon” emission events, etc - - -) in between two
photon-emission events. The SCF and WTD can be ex-
pressed in terms of these distributions

§O(r) = ff 5@ (20)
w(r) = Q(rl0). 1)

with S(7) = P(7]0). Eq. (20) coincides with Eq. (T,
while using the same derivation as in Sec. [[TB] we obtain
the following expressions for both S(7) and w(7)

“+oo
S(r) = % Z nmP (m,7|n —1,0) 7S¢ (22)
n,m=0
ko iX
w(T) = w > nmQ(m,rln—1,0)m . (23)
n,m=0

Introducing the notation Py, (7) = P (n,7|n,0) and
Qnm (1) = Q (n,7|n,0), the relation between P and @
is given by the following renewal-like equation®

+oo
)+ 5Dk (Pok-1 % Qrm) (1) ,(24)

k=1

where we wrote (g h)(r) = [ drig (T — 1) h(r1) the
convolution between any tvvo causal functions g and h.
After Laplace-transform, Eq. becomes an algebraic
equation

an (T) = Qnm (T

—+o0

)+ £ Y EPuro1 (2) Qrm (2) - (25)

k=1

B. Average delay-time between two successive
photon-emission events

In this section, we derive an analytical expression for
the average delay time between two successive photon-
fo drTw(r), using Egs. ,

emission events ()

and . The idea of this derivation is based on
the fact that the Laplace-transform of w( ) is the mo-
ment generating function w(z) = 0 *dre *Tw(t) of
the WTD. Its analytical behavior for z — 0, provides
w(z) & 1 — z(r) + ---. Similarly to the theoretical
approaches used for computing the mean reaction time
of polymer reactlons6 9, we thus perform a systematic
expansion!? of Eq. for z — 0, using the following
expansion of P and Q

T

(st)

Pom(2) ~ (0) +o0(2°) , (26)
/annm(Z) R Tp|m — ZTp|m + O (Z) ) (27)
with the coefficients
“+oo
Tnlm = Hn/ dTQnm (T) ) (28)
0
+oo
Tnim = /m/ ATTQunm (7). (29)
0

1. Lowest-order o (1/z)

The lowest-order in expanding Eq. is of order
0(1/z), and provides the following condition

+oo
> Tpm = 1. (30)
n=0

Together with its definition given in Eq. , Tnlm Call
thus be interpreted as a splitting—probabihty , namely
it is the probability of first photon-emission event from
state m to n — 1 (integrated in time), given that the
state m was realized at time 0. The notion of splitting-
probability enables, with the definition in Eq. , to in-
terpret 7|, as the average-time of first photon-emission
event from state n to n — 1, given that the state m was
realized at time 0. We remark that formally, the average
delay-time (7) between two successive photon emission
events can be obtained from the times 7,,,, as

1

(1) = w ST Tupm (m+ 1) 7Y (31)
n,m=0

2. Order o (ZO)

The next order in expanding Eq. is of order o (ZO).

It provides, using Eq. (31)), the following system of equa-
tions

En — k2w (n) (1 mar st

+oo
) = K’n Z Gnm—1(0)

—ngml Ym,  (32)



with the unknowns &, = x 37> Tpjm (M + 1) 7'('7(2:)_1 and
(7). Using Eq. , we find that %% ¢, = x (n), and
get the general solution of Eq.

&n = rnmt (33)
1 1

TY = = ,

7 S
Egs. (33) and are the main results of this section.
Eq. (34) states that the stationary probability per unit of
time of emitting a photon out of cavity is the inverse av-
erage delay-time between two successive photon emission
events. This relation is reminiscent of Kac’s lemmatt2
and holds generally for ergodic systems.

(34)

C. Relation between the SCF and WTD

Eq. provides a relation between the P and @ dis-
tributions. However, it does not imply a simple relation

between S(7) (see Eq. (22))) and w(r) (see Eq. (23)),

except in the case of a two-level atom or molecule (see
Sec. . In general, the complete distribution func-
tion P(7|0) is formally obtained as the sum of all inter-
mediate histories containing ”no photon emission”, plus
”one-photon emission event”, plus ”two-photon emission
events”, plus etc --- between the two photon-emission
events in the time-interval ]0,7[. This can be written
mathematically as the following series

P(r]0) = Q(]0) + /O drQ(r, 71]0)

+/ dTl/ drQ (1,72, 71|0) + - -,
0 T1
(35)

with Q(7,71]|0) the exclusive probability distribution that
one photon is emitted at time 7, and another one is
emitted at time 7y, knowing that one photon-emission
event occurred at time 0. A similar definition holds
for Q(7,72,71|0) that contains an additional photon-
emission event at time 7. If the stochastic process
of emitting photons out of the cavity is Markovian,
then Q(7,71[0) = Q(7|m)Q(m1]0) and Q(7,72,71[0) =
Q(7|m2)Q(72|m1)Q(71|0). Eq. (35) thus reduces in this
case to

P(r]0) = Q(r]0) + / )
+ /O dn / AnQEIR)Q(nIn)Q( )
_|_ s

(36)

This series can be resummated into an integral equation

P(r]0) = Q(r]0) + / " dr P(r|m)Q([0).
(37)

n=2
A
Pgl 2K ANAASD
n=1 \4
A
I'10 K AAS>
n=0

Figure 5. Graphical representation of the truncated rate
equation Eq. giving the cavity-mode populations m, (t),
in the case of a symmetric junction close to the first inelastic
threshold for photon emission. Red (blue) downward (up-
ward) arrows stand for dominant (subdominant) transition
rates induced by cavity-damping (inelastic tunneling of elec-
trons) .

Using the definition of S(7) (see Eq. (20)) and w(r) (see
Eq. )7 if the stochastic process associated to the emis-
sion of photons out of the cavity is both Markovian and
stationary, we finally obtain

S(r) =w(r)+ (S*w) (7). (38)

Eq. can be solved by Laplace-transform, thus pro-
viding a simple algebraic link between S(z) and w(z), the
respective Laplace transforms of S(7) and w(7)

w(z) !

Tl 52 (39)

IV. ANALYTICAL RESULTS FOR A
SYMMETRIC JUNCTION

A. Analytical solutions of the RE

In this section, we restrict to the case of electron-hole
symmetric junctions, and bias voltages close to the first
inelastic threshold for photon emission pu; = —pur =
eV/2 ~ hw.. In this regime, the dominant transitions
rates are represented in Fig. |5 as red downward arrows
for cavity-damping rates (k and 2x) and blue upward ar-
rows for inelastic tunneling rates of single electrons across
the STM junction (T'1p and I'y1). Eq. then reduces to
an approximate RE involving a vector of populations of
lower dimension 7(") (t) = [mo(t), w1 (t), 2 (t)] (see Fig. |5)

#(t) =T a (), (40)
_FIO K 0

'~ | Ty —(k+T21) 2k |, (41)
0 Fgl —2K

Both left, right eigenvectors and eigenvalues of the re-
duced T'(")-matrix can be found analytically, although
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Figure 6. Time-dependence of S(7) = k (n) g'®(7) (dashed-
blue curves) obtained from Eq. (6I), and w(r) (plain red
curves) obtained from Eq. , both expressed in units of I'1g.
Upper panel: "Long” time-scale 7 > 7, in units of 1/k, with
Tm given by Eq. . Lower panel: Same curve but on ”short”
time-scale 7 < 7. Parameters are : k = kT /i = 0.1w,
', =Tr=T=0.1k, pur. = —pir = €V/2 = liw,, A = V2, and
€0 =0.

the resulting expression for computing the SCF and
WTD are lengthy. We thus resort on the limit I' < &,
for which the following approximation of the non-zero
eigenvalues A\ is found

/\+m"5*(H+F107F21)%*I€, (42)
A~ =2 (/<a+F21) ~ —2kK, (43)
as well as the stationary populations of the cavity-mode
IET
st = 44
™ P ) ( )
['yolo
st ~ 45
262 (45)
e =1—m" — 3l (46)

The corresponding approximate solution of Eq. is
obtained in this limit, for any initial condition 7(")(0) =
[70(0), m1(0), 72(0)] as

m1(t) = 7y 4+ {m1(0) + 2m2(0) — 75" + 2m5"] } e

+2{n3 —m(0)} e, (47)
ma(t) m w5t + {m2(0) — w3t} e, (48)
7T0(t)=1—71’1(t)—71’2(t). (49)

B. Analytical result for the SCF

Using the results of the previous Sec. m Eqgs.
and , we obtain the following approximate expres-
sions

) = Tio(k +T21)
K

G3H(1) ~ K2 {(ﬁt + 27§t)2 (1 - e*"”) + 27r§te*'”} ,
(51)

G~k (wit + 27t ~T, (50)

from which the SCF of emitted photons is obtained as

g (T)=1+e™ " (9(2) (0) — 1) , (52)
@y L (n—1) 23’ ~ L2t
§700) (n)? (mst +2m5t)® o (53)

Eqgs. (b3)) and are the main results of this section.
They recover and confirm independently the numerical
results of Ref. 4, that ¢(®) () decays exponentially in time
with the cavity-damping rate x. We find a

1. Bunching behavior (g2 (1) < ¢®(0) =~ 2) for A <
L,

2. Complete antibunching (¢(® (1) > ¢®(0) = 0) for
A=+V2=~ 141,

3. Poissonian behavior (¢ (7) = ¢ (0) = 1) for A =

V2 —V2=0.77.

C. Special case of photon antibunching (\ = v/2)
1. Occupation probability of the cavity mode

In this section, we focus on the case of plasmon-
molecule coupling A\ = /2, for which perfect antibunch-
ing is obtained in Eq. (52)). Due to the vanishing of the
Franck-Condon overlap between the states n = 1 and
n = 2 of the displaced cavity-mode, we have that I's; = 0,
so that the excited cavity-state n = 2 in Fig. |5 cannot
be reached. Eq. describing the physical problem of
light-emission, thus simplifies to a problem involving only
two cavity statesn =0and n =1

7:f'1 (t) ~ Floﬂ'o(t) — KT (t) s (54)
mo(t) =1 — m(t). (55)

Its solution for the initial condition 71(0) = 0 (initially
empty cavity) is given by

m(t) =7 {1—e "} (56)
~ % (1—e"), (57)

with k; = k + ['1p, and 7' = T'19/k¢- In the rest of
this supplementary material, the approximate sign =, as
written in Eq. , will mean that the limit x > T'yg
is taken. We note that the stationary occupation of the
cavity-mode is reached for time-scales ¢ > 1/k and is
given by 7' &~ T'19/k, which comes from the balance
between the rate at which the cavity is populated (with
a rate given by the inelastic electronic tunneling rate I'1g)
and the rate at which the energy is dissipated (with cavity
dissipation-rate ). At shorter time scales 0 < ¢t < 1/k,
the population of the cavity modes is given by m(t) =~
T'10t, and thus grows linearly with the inelastic tunneling
rate I'yg. This reflects the fact that starting with an
empty cavity n = 0, a new electron has to tunnel into
the dot so that a cavity photon is emitted to reach the
occupancy n = 1.



2. SCF for the emitted photons

Using the results of the previous Sec. we obtain
the first-order correlation function

GSt = Hﬂit = i].—‘10 ~ FlO . (58)
Kt

The probability that a photon is emitted out-of-cavity
between times ¢; and t1 + dt1, is thus proportional to the
inelastic electronic tunneling rate I'yg. In other words,
an electron has to tunnel onto the dot and emit a cavity-
photon that further decays out of the cavity. We obtain
in the same way the SCF in this regime

G (1) = k2P (17]00) 75t

2
- (KFm) (1—e ™) =T (1—e"),

Rt

59)

(
g () =1—e " m1—e ", (60)
After the first photon has been emitted between time ¢;
and t1 + dty, the cavity mode gets back to its ground-
state n = 0 and an additional electron tunneling event
is needed to repopulated the cavity mode to n = 1
that fast decays by emission of a second photon out-
of-cavity between times t; and to + dts. This refilling
of the cavity-mode is encoded by the time-evolution of
mi(7) in Eq. (56). We obtain at large times 7 > 1/k
that G§'(7) ~ T2, = (G5')%, hence the two photon emis-
sion events become independent one from each other. At
short times 7 < 1/k, we find G§'(7) ~ I'?,x7, and the
initial slope G3f(0) = I'?yx. This is consistent with the
argument that two inelastic electronic tunneling (rare)
events are necessary for two photons to be emitted,
thus explaining the I'?, factor, while being not incom-
patible with the fact that the correlation function itself
9@ (1) = G5H(r)/ (G5Y)? decays with the damping rate
k (frequent decay events) in Eq. (60). Finally, we re-
mark that Eq. is consistent with Eq. for the

case A = /2.

8. WTD of emitted photons

For completeness, we present in Fig. the WTD w(r)
(histogram), as obtained from the output of the numer-
ical Monte Carlo calculation. We remark that the his-
togram is well approximated by the analytical distribu-
tion (see plain blue curve) shown by Eq. (63). In this
section, we compute w(7) analytically. We first remark
that in the regime of Sec. Eq. can be rewrit-
ten, after restricting to the available states of the cavity
n = 0,1, in the form of Eq. . In other words, once
g (1) is known, w(r) can be obtained by solving the
integral Eq. . We pursue further by rewriting explic-
itly S(7) = & (n) g (7) using Eq. , and performing

= Perfect Detector: n=1.00
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Figure 7. Time-dependence of w(7) (histogram) obtained
from the Monte Carlo numerical calculation, expressed in
units of I'1p. The plain blue curve is the corresponding ana-
lytical result of Eq. . Parameters are those of Fig. @

its Laplace transform S(z)

S(r) =20 1) (61)
& &[0
S = s (62)

Incorporating Eq. into the expression of w(z) in
terms of S(z) (see Eq. ), we find after inverse Laplace

transform

KZFlO —T1o _
_ 10 T _ KT 63
w(r) = SR et ey (@)
~ HFloT — 0+ s (64)
T—0+
~ —Tio7 N
~ Toe T—+00 0" (65)

Eq. is the main result of this section, showing that
w(7) is the sum of two exponentials, one with relaxation
rate I'1g and the other with relaxation rate k. We show
on Fig.[6] the time-evolution of S(7) (dashed blue curves)
given by Eq. and w(7) (plain red curves) given by
Eq. (63). At "short” times (r < 1/k), w(7) vanishes lin-
early with 7, with a rate proportional to the inelastic elec-
tronic tunneling rate I'1 (see Eq. and Fig. @-lower
panel). The vanishing of w(7) at coincidence time 7 =0
is a signature of antibunching of emitted photons, while
the linear slope with I'1o translates the fact that after one
photon has been emitted, one needs to wait some delay
time for refilling the cavity mode (by charging or dis-
charging the dot) and have another photon emitted. In
the opposite limit of "long” times (7 > 1/k), w(7) van-
ishes exponentially in time with the rate I'1g (see Eq.
and Fig. [6lupper panel). This reflects both that w(r) is a

normalized distribution function [ f0+oo drw(t) = 1} , and

that it becomes very unlikely that after one photon has
been emitted initially, another photon is not emitted after
a delay-time much larger than the cavity damping-time.
It is interesting to notice that w(7) is a non-monotonous



function of time, reaching a maximum at time 7, &~ 1/k
given by

1 K
Tm = — ln —_ . 66
k=T <F10> (66)

Finally, we obtain from Eq. , the average delay-time
(1) between two photon emission events

() /+°°d =2+l (e
Ty = TTW(T) = =— + — =~ —.
0 I'o « T

Eq. (67) recovers the general expression given by
Eq. (34).

We thus conclude that S(7) decays exponentially in
time with the total dissipation rate xk + I'1g, and thus
with a relaxation time 1/ (k+T'19) = 1/k, as reported
in Ref. 4 In contrast to S(7), w(7) exhibits a non-
monotonous behavior with time, from which the average
delay-time between two photon emission events () is ob-
tained as the sum of the inverse relaxation time 1/T'1¢o
associated to inelastic electronic tunneling plus the in-
verse relaxation time of cavity photon-decay 1/k. In
summary, S(7) and w(7) do not contain the same sta-
tistical information, each exhibiting different character-
istic time-scales characterizing a different aspect of the
photon-emission statistics. Those two time-scales are not
inconsistent one with each other but constitute comple-
mentary statistical indicators. Omnly in the short-time
regime 7 < Ty, the behavior in time of w(7) and S(7)
coincide (being related to the same antibunching mecha-
nism), while at large time 7 > 7, they differ in a signifi-
cant manner, since w(7) goes exponentially to zero while
S(t) converges to I'tg (see Fig. [6).

For completeness, we present in Fig. [7| the WTD w(7)
(histogram), as obtained from the output of the numer-
ical Monte Carlo calculation. We remark that the his-
togram is well approximated by the analytical distribu-
tion (see plain blue curve) shown by Eq. .

D. Special case at the crossover point

(A= V2-2)

Finally, we present in Fig. |8 the WTD w(7) (his-
togram), obtained from the numerical Monte Carlo cal-
culation, at the crossover point between the bunching
and antibunching regime (A = v/2 — /2 ~ 0.77). For
this particular value of the coupling strength, we have
shown both numerically (see Fig.2 of the paper, cyan
upper triangles) and analytically (see Sec. that
the second-order correlation function is constant in time
and thus presents a Poissonian behavior, namely that
g (1) = ¢ (0) = 1. We thus expect the WTD in this
regime to be exponentially decreasing in time. We show
that this is indeed the case (see histogram in Fig. , on
the whole time-window. The explicit time-dependence of
the WTD is provided by the approximated analytical for-
mula w(7) & T'jge 1107 (see plain blue curve), with the
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Figure 8. Time-dependence of w(7) (histogram) obtained
from the Monte Carlo numerical calculation, expressed in
units of I'1p. The plain blue curve is given by the approx-
imated analytical formula w(7) ~ I'ipe 7107, Parameters
are those of Fig. [6] but with a modified coupling strength

A=+v2-2.

decay rate provided by I'jg (evaluated at A = /2 — /2).

In this section, we model the non-perfect detection ef-
ficiency of photodetectors collecting the photons emitted
out of the cavity. We assign a probability n for a photon
to be detected by the photodetector, namely 7 is the ex-
perimental detection-yield. A perfect detector efficiency
means 77 = 1. For computing how ¢(®(7) and w(7) are
impacted by this detector efficiency, we need to modify

the definitions of Sec. [T Al and Sec. [ITAl

1. G1(t1)dt; = probability to ”emit a photon and
detect it by the apparatus” in the time-interval
[tl,tl + dtﬂ.

2. P (t1,t2)dt;dts = joint-probability that ”a first
photon is emitted and detected by the apparatus”
in the time interval [t1,¢; + dt1] and that a ”second
photon is emitted and detected by the apparatus”
in the time interval [ta, to + dt2].

3. Q (t1,t2) dt1dtys = joint-probability that ”a first
photon is emitted and detected by the apparatus”
in the time interval [t1,¢; +dt1] and that a ”second
photon is emitted and detected by the apparatus”
in the time interval [t2, o 4 dt2], without any pho-
ton emitted in the time interval J¢; + dty, to].

The role of a non-perfect detection-yield is taken into
account in the Monte Carlo simulations by an addi-
tional random process with probability n, that is inde-
pendent of the photon-emission events. Due to the above
mentioned statistical independence between the photon-
emission and photon-detection events, the previously de-
fined probability distributions factorize

Gi(t1) =nG,(t1), (68)
P(t1,t2) = 1°P(t1, t2), (69)
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Figure 9. Same curves as for Fig. [] but for a low detection
yield n = 0.1 as frequently obtained in experimental situa-
tions.

with the underline symbols corresponding to quantities
evaluated at perfect detection efficiency (n = 1). Those
equations imply a modification of Eq. and Eq.
as

S(r) = P(r]0) = nS(7), (70)
G3'(r) = P(r,0) = 1°G5 (), (71)
@) (1) = P(r|0)
0= G
_n8(r) _
- ngit _g2(7)7 (72)

so that the unnormalized SCF G§'(7) is modified by the
non perfect photon-detection quantum-yield, while the
normalized SCF ¢(?)(7) is not, since in the former, the
n? factors simplify in the numerator and denominator.
Using the definition of w(r) = Q(7]0), Eq. and

10

Eq. , we find that in the regime of photon antibunch-
ing (A = v/2) of Sec.
nS(7) = w(r) +n(w*S)(7), (73)
which provides after Laplace transform
. 1
1+ {nﬁ(Z)}

Eq. generalizes Eq. to the case of a non-perfect
detection yield. The final WTD is obtained as

F Kt—HKq)T (Nt Kg)T
w(T) _ 77’1 10 {6_( = d) e +2 d) } ) (75)
d

(74)

with kq = \/k? — 4nkT19. The corresponding average
delay-time (7) between two photon emission events is

modified to
1(1 1
S 76
() n{rm H} (76)

It is interesting to notice that, in contrast to go(7), w(7)
depends significantly on the non-perfect detector effi-
ciency n. Eq. shows indeed that the initial slope
of w(7) is decreased upon decreasing efficiency, while the
rate of its exponential decrease at long times is also mod-
ified. Finally, () increases towards longer times with a
reduction of 77 in Eq. . This exemplifies the necessity
to properly take into account the detector efficiency 7 in
the analysis of the short-time behavior of the WTD.

We show in Fig. [0} the comparison between w(7) and
S(7), in the case of a weak detection yield n = 0.1, as
typically obtained in experiments. In contrast to Fig. [6]
both curves get very close one from each other on the
same time-window (see Fig. [JHlower panel).
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